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Abstract
Velocity relaxation of a spherically symmetric polymer, immersed in a viscous incompressible
fluid, and after a sudden small impulse or a sudden twist from a state of rest, is studied on the
basis of the linearized Navier-Stokes equations with an added Darcy type drag term. Explicit
expressions for the translational and rotational velocity relaxation functions of the polymer and
for the flow pattern of the fluid are derived for a uniform permeable sphere. Surprisingly, it is
found that the added mass vanishes. For fairly large values of the ratio of sphere radius to the
screening length characterizing the permeability the velocity relaxation functions in the short and
intermediate time regime differ significantly from that of a sphere with no-slip boundary condition.
At long times both relaxation functions show universal power law behavior.
PACS numbers: 47.15.G-, 47.63.mf, 83.10.Pp, 83.80.Rs
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I. INTRODUCTION
The velocity of a solid sphere immersed in a viscous incompressible fluid after a sudden
small impulse, starting from a state of rest, shows two conspicuous features as a function of
time. At very short times the velocity is less than one would expect from its bare mass, due to
added mass equal to half the mass of displaced fluid1,2. At long times the velocity relaxation
function decays with a t−3/2 power law with a universal coefficient which is independent of
the mass of the sphere, its radius, and the boundary condition at the surface3,4. In contrast,
the behavior at intermediate times does depend on these properties. For an understanding of
the dynamics of polymer solutions it is of interest to study similarly the velocity relaxation
function of a single polymer immersed in a viscous solvent. Throughout this paper we assume
that the initial impulse is sufficiently small, so that low Reynolds number hydrodynamics
applies.
Debye and Bueche5 first studied the steady-state friction coefficient of a polymer, modeled
as a uniform permeable sphere immersed in a viscous fluid. The fluid flow was described
by the Stokes equations with an added Darcy type term corresponding to the local friction
caused by relative motion of polymer beads and fluid5,6. It was found that in the limit of an
impermeable sphere the friction coefficient tends to the Stokes value for a sphere with no-slip
boundary condition. In earlier work we have generalized the calculation to a polymer model
with more general radial dependence of the permeability7. In the following we calculate the
time-dependent velocity relaxation function of a uniform permeable sphere on the basis of
the linearized Navier-Stokes equations with an added Darcy type drag term.
For values of the ratio of permeability screening length to sphere radius less than unity
the velocity relaxation function differs significantly from that of a solid sphere with no-slip
boundary condition. Surprisingly, in contrast to the latter case, the added mass is found to
vanish, so that the polymer after the sudden impulse starts off with a much higher velocity
than a sphere with no-slip boundary condition and the same radius and same bare mass.
If the screening length is small compared to the radius, the velocity decays in the initial
stage rapidly to a much smaller value. The initial decay corresponds to a sharp peak in the
relaxation spectrum. On the other hand, for large screening length the velocity relaxation
is well described by a simple approximation corresponding to two poles of the admittance
in the complex plane of the square root of frequency, determined by mass and steady-state
translational friction coefficient. Then the relaxation spectrum is characterized by a single
narrow peak and the relaxation function is nearly exponential.
We also study the relaxation of rotational velocity after a sudden small twist. Again
the velocity relaxation function for a permeable sphere differs markedly from that of a solid
sphere with no-slip boundary condition. If the screening length is small compared to the
radius, the rotational velocity decays in the initial stage rapidly to a much smaller value,
and again the initial decay corresponds to a sharp peak in the relaxation spectrum. On the
other hand, for large screening length the velocity relaxation is well described by a simple
approximation corresponding to two poles of the admittance in the complex plane of the
square root of frequency, determined by moment of inertia and the steady-state rotational
friction coefficient. Then the relaxation spectrum is characterized by a single narrow peak
and the relaxation function is nearly exponential.
Other authors have attempted to evaluate the frequency-dependent friction coefficient of
a porous sphere. Looker and Carrie8 used a perturbative expansion for a slightly permeable
sphere. Vainshtein and Shapiro9 considered all values of the permeability, but their expres-
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sion leads to an inconsistency at high permeability10. Ollila et al.10 claim to perform an
exact calculation for both a uniform sphere and a spherical shell, but their calculation is
incorrect, as shown below. Ollila et al.10 compare with lattice-Boltzmann calculations at a
single frequency.
II. FLOW EQUATIONS
We consider a spherically symmetric polymer, described in continuum approximation as
a permeable sphere of radius a, immersed in a viscous incompressible fluid of shear viscosity
η and mass density ρ. For translational motion the flow velocity of the fluid v(r, t) and the
pressure p(r, t) are assumed to satisfy the linearized Navier-Stokes equations11
ρ
∂v
∂t
= η∇2v −∇p− ηκ2(r)[v −U ], ∇ · v = 0, (2.1)
where the inverse length κ(r) characterizes the local radially symmetric permeability, and
U(t) is the time-dependent velocity of the polymer. In the following we assume κ(r) to be
uniform for 0 < r < a and to vanish for r > a. The flow velocity v is assumed to vanish
at infinity and the pressure p tends to the constant ambient pressure p0, so that the flow is
driven by the sphere velocity U(t). We assume that the system is at rest for t < 0 and is set
in motion by an impulsive force acting at t = 0. In order to calculate the friction exerted by
the fluid on the sphere it suffices for the moment to assume that the velocity U(t) is known.
The solution of Eq. (2.1) is found most easily by a Fourier transform with respect to
time. Thus we define Fourier components vω(r) and pω(r) by
vω(r) =
∫
∞
0
eiωtv(r, t) dt, pω(r) =
∫
∞
0
eiωtp(r, t) dt. (2.2)
The equations for the Fourier components read
η[∇2vω − α2vω]−∇pω = 0, ∇ · vω = 0, for r > a, (2.3)
with complex wavenumber
α = (−iωρ/η)1/2, Re α > 0. (2.4)
Inside the polymer
η[∇2vω − β2vω]−∇pω + ηκ2Uω = 0, ∇ · vω = 0, for r < a, (2.5)
where
β =
√
α2 + κ2. (2.6)
The equations must be solved under the conditions that vω and pω tend to zero at infinity,
and that the velocity and the normal-normal and normal-tangential components of the stress
tensor are continuous at r = a. We choose coordinates such that the z axis is in the direction
of the impulsive applied force. The resulting polymer velocity is then also in the z direction
and the equations can be reduced to scalar form by the Ansatz
vω(r) = fA(r)ez + fB(r)(1− 3rˆrˆ) · ez,
pω(r) = ηg(r)rˆ · ez, (2.7)
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where the subscripts A and B refer to the two types of vector spherical harmonics that come
into play12. From Eqs. (A2) and (A5) of the Appendix we find that the radial functions
must satisfy the coupled equations
d2fA
dr2
+
2
r
dfA
dr
− β2fA −
1
3
(
dg
dr
+
2
r
g
)
= −κ2Uω,
d2fB
dr2
+
2
r
dfB
dr
− 6
r2
fB − β2fB +
1
3
(
dg
dr
− 1
r
g
)
= 0,
d2g
dr2
+
2
r
dg
dr
− 2
r2
g = 0, for r < a, (2.8)
inside the polymer, and that outside they must satisfy
d2fA
dr2
+
2
r
dfA
dr
− α2fA −
1
3
(
dg
dr
+
2
r
g
)
= 0,
d2fB
dr2
+
2
r
dfB
dr
− 6
r2
fB − α2fB +
1
3
(
dg
dr
− 1
r
g
)
= 0,
d2g
dr2
+
2
r
dg
dr
− 2
r2
g = 0, for r > a. (2.9)
In spherical coordinates (r, θ, ϕ) the radial and polar components of the flow velocity are
vr(r, θ) = (fA − 2fB) cos θ, vθ(r, θ) = −(fA + fB) sin θ, (2.10)
and vϕ = 0. The relevant components of the stress tensor σω = η(∇vω + ∇˜vω)− pω1 are
σrr(r, θ) = η
(
2f ′A − 4f ′B − g
)
cos θ,
σrθ(r, θ) = σθr(r, θ) = η
(− f ′A − f ′B + 3r fB) sin θ, (2.11)
where the prime denotes the derivative with respect to r.
The solution of Eq. (2.8) takes the form
fA(r) = 2AN i0(βr) + AP , fB(r) = AN i2(βr),
g(r) = −APβ2r + κ2Uωr, for r < a, (2.12)
with coefficients AN , AP and modified spherical Bessel functions
13 il(z). The solution of Eq.
(2.9) takes the form14
fA(r) = 2BNk0(αr), fB(r) = BNk2(αr)−BP/r3,
g(r) = BP
α2
r2
, for r > a, (2.13)
with coefficients BN , BP and modified spherical Bessel functions kl(z).
The requirement that vr, vθ, σrr, σrθ are continuous at r = a leads to four equations for
the four coefficients. These have the solution
AN = −
αk1
D
κ2Uω, AP = 2
αi0k1 + βi1k0
D
κ2Uω,
BN =
βi1
D
κ2Uω, BP = a
3αi2k1 + βi1k2
D
κ2Uω, (2.14)
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with denominator
D = α3i2k1 + α
2βi1k2 + 2αβ
2i0k1 + 2β
3i1k0, (2.15)
and abbreviations
il = il(βa), kl = kl(αa). (2.16)
It is seen that as a consequence fA(r), fB(r), g(r) are all continuous at r = a. It may be
shown that in the limit ω → 0 the solution tends to the known steady-state flow pattern7.
III. POLYMER VELOCITY
From the flow pattern calculated above we can evaluate the hydrodynamic force exerted
by the fluid on the sphere. This is given by the integral of the friction between the polymer
and the fluid
Kpω =
∫
r<a
ηκ2(vω −Uω) dr. (3.1)
From the linearized Navier-Stokes equations Eq. (2.1) it follows that this can be expressed
alternatively as
Kpω =
∫
S(a+)
σω · rˆ dS + iωρ
∫
r<a
vω dr, (3.2)
where the first term is the integral over the stress tensor over a spherical surface just outside
the polymer. From Eqs. (2.11) and (2.13) we find Kpω = Kpωez with
Kpω = −
4pi
3
η
[
6αa2k1BN + α
2BP + α
2a2
(
6AN i1/β + APa
)]
. (3.3)
From Eq. (3.1) we have the alternative expression
Kpω =
4pi
3
ηκ2a2
[
6AN i1/β + APa− aUω
]
. (3.4)
The translational friction coefficient ζT (ω) is defined by
Kpω = −ζT (ω)Uω. (3.5)
As a check we find from the above expressions in the steady-state limit ω → 0
ζT (0) = 6piηaZ0(σ), σ = κa, (3.6)
where
Z0(σ) =
2σ2G0(σ)
2σ2 + 3G0(σ)
, G0(σ) = 1−
tanhσ
σ
, (3.7)
in agreement with the result of Debye and Bueche5.
For small α the friction coefficient behaves as
ζT (ω) = ζT (0) +
1
6piη
ζT (0)
2α +O(α2). (3.8)
At high frequency the friction coefficient tends to a constant given by
ζT∞ = lim
ω→∞
ζT (ω) =
4pi
3
ηκ2a3. (3.9)
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This corresponds to instantaneous friction against the polymer beads.
The calculation by Ollila et al.10 of the frequency-dependent friction coefficient, which
they claim to be exact, is wrong. Their Eq. (3.26) is incorrect, as is seen by a comparison
of Eqs. (3.1) and (3.2). They leave out the last term in Eq. (3.2).
The sphere velocity is determined by the equation of motion
− iωmpUω =Kpω +Eω, (3.10)
where mp is the polymer mass and Eω is the external mechanical force applied to the
polymer. Hence we find
Uω = YT (ω)Eω, (3.11)
where YT (ω) is the translational admittance, given by
YT (ω) = [−iωmp + ζT (ω)]−1. (3.12)
In general the added mass of the particle is defined by
ma = lim
ω→∞
ζT (ω)
−iω . (3.13)
In the present case ma = 0. We note that
lim
κ→∞
ζT (ω) = 6piηa
(
1 + αa+
1
3
α2a2
)
. (3.14)
The last term in brackets differs from that for a sphere with no-slip boundary condition,
where it is replaced by 1
9
α2a2, corresponding to ma =
1
2
mf , where mf = (4pi/3)ρa
3 is the
mass of fluid displaced by the sphere. This no-slip result follows from just the first term in
Eq. (3.2), denoted earlier14,15 as Kω. In the present case the incoming momentum flow is
used partly as a force acting on the polymer, partly it is used to accelerate the fluid within
the sphere of radius a. The expression Eq. (3.14) shows that the limit of large κa is tricky.
The last term suggests an added mass, even though at any finite value of κa the added mass
vanishes.
We consider in particular the applied force
E(t) = P δ(t), (3.15)
where P is the imparted impulse. Correspondingly Eω = P . We define the translational
velocity relaxation function γT (t) by
U(t) =
P
mp
γT (t), t > 0. (3.16)
It has the properties
γT (0+) = 1,
∫
∞
0
γT (t) dt =
mp
ζT (0)
. (3.17)
Since the added mass vanishes, here the bare mass mp appears, rather than the effective
mass m∗ = mp+
1
2
mf , as for a sphere with no-slip or mixed slip-stick boundary condition
3,16.
The relaxation function is related to the admittance by∫
∞
0
eiωtγT (t) dt = mpYT (ω). (3.18)
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Hence the relaxation function γT (t) can be evaluated by inverse Fourier transform.
Corresponding to Eq. (3.8) the admittance has the low frequency expansion
YT (ω) = µT (0)−
α
6piη
+O(ω), (3.19)
where µT (0) = 1/ζT (0) is the steady-state mobility. The second term gives rise to the
long-time behavior of the velocity,
U(t) ≈ 1
12ρ(piνt)3/2
P as t→∞, (3.20)
where ν = η/ρ is the kinematic viscosity. It is remarkable that this is independent of the
nature of the polymer, and depends only on the properties of the fluid17.
IV. ANALYSIS OF VELOCITY RELAXATION
It is worthwhile to analyze the behavior of the velocity relaxation function in some more
detail. The above expressions show that the friction coefficient is conveniently regarded as
a function of the complex variable x = αa. It is convenient to define the dimensionless
admittance FˆT (x) as
FˆT (x) =
4pimp
3mf
ηaYT (ω), (4.1)
where we have chosen the prefactor such that FˆT (x) behaves as 1/x
2 for large x. The
function takes the form
FˆT (x) =
1
x2 +MZT (x)
, (4.2)
where we have abbreviated
M =
9mf
2mp
, ζT (ω) = 6piηaZT (x). (4.3)
As in previous analysis18 we write the reduced admittance as a sum of simple poles in
the complex x plane of the form
FˆT (x) =
∑
j
Aj
x− xj
. (4.4)
Since the function behaves as 1/x2 at large x one has the sum rules∑
j
Aj = 0,
∑
j
Ajxj = 1. (4.5)
In addition we find from Eq. (3.8)
∑
j
Aj
xj
=
−1
MZ0
,
∑
j
Aj
x2j
=
1
M
, (4.6)
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where Z0 = ZT (0) is given by Eq. (3.7). Finally, Eq. (3.9) implies the sum rules
∑
j
Ajx
2
j = 0,
∑
j
Ajx
3
j = −MZ0∞, Z0∞ =
2
9
κ2a2, (4.7)
where Z0∞ corresponds to ζT∞. The relaxation function is given by
γT (t) =
∑
j
Ajxjw(−ixj
√
t/τv), (4.8)
where w(z) is the w function13 w(z) = exp(−z2)erfc(−iz), and τv = a2/ν is the viscous
relaxation time. The second sum rule in Eq. (4.5) corresponds to the initial value γT (0+) =
1.
We write the function FˆT (x) in the form
19
FˆT (x) =
1
MZ0 +MZ20x+ x
2 + x2ψ(x)
, (4.9)
with a function ψ(x) which tends to zero for large x. If we approximate ψ(x) as a ratio
of two polynomials A(x) and B(x) of degree d − 3 and d − 2 respectively, then FˆT (x)
is approximated by a Pade´ approximant FˆPd(x) with d poles. The Pade´ approximant is
obtained by choosing the polynomials such that exact values are obtained at 2d− 4 selected
points on the positive x axis. The quality of the approximation can be gauged by comparison
of the corresponding γTPd(t) with γT (t) as calculated by numerical Fourier inversion of the
exact FˆT (x), and by comparison with the sum rules (4.7). The sum rules in Eqs. (4.5) and
(4.6) are satisfied automatically by construction. The function γTPd(t) provides a smooth
interpolation between the exact short-time and long-time behavior.
For large values of κa the friction coefficient at zero frequency tends to the Stokes value
6piηa for a no-slip sphere. It is therefore of interest to compare the relaxation function for
large κa with that for a no-slip sphere. The latter follows from
FˆTns(x) =
1
M +Mx+ (m∗/mp)x2
, (4.10)
with effective mass m∗ = mp +
1
2
mf . This yields the relaxation function
20−23
γTns(t) =
mp
m∗
1
y+ − y−
[
y+w(−iy+
√
t/τMn)− y−w(−iy−
√
t/τMn)
]
, (4.11)
with
y± = −
1
2
√
M∗ ± 1
2
√
M∗ − 4, M∗ = 9mf
2m∗
, τMn =
m∗
6piηa
. (4.12)
The function has initial value γTns(0+) = mp/m
∗, and it has the same long-time tail as
γT (t), given by mp/[12ρ(piνt)
3/2], as follows from Eqs. (3.16) and (3.20).
The simplest Pade´ approximant is obtained by neglecting the function ψ(x) in Eq. (4.9).
This yields
FˆTP2(x) =
1
MZ0 +MZ20x+ x
2
. (4.13)
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The corresponding relaxation function is
γTP2(t) = A+x+w(−ix+
√
t/τv) + A−x−w(−ix−
√
t/τv), (4.14)
with the values
A± =
±1
x+ − x−
, x± = −
1
2
MZ20 ±
1
2
√
MZ0(MZ30 − 4). (4.15)
We call this the two-pole approximation.
In our numerical work we consider a neutrally buoyant polymer with mf = mp, so
that M = 9/2 and M∗ = 3. We shall consider three values of the parameter κa, namely
κa = 0.2, κa = 1, and κa = 5. For these three values we find for the roots x±
x± = −0.0002± 0.199i, κa = 0.2,
x± = −0.069± 0.886i, κa = 1,
x± = −1.311± 1.311i, κa = 5, (4.16)
showing considerable variation as a function of κa. It turns out that for small κa the two-
pole approximation is quite accurate, but for larger values a larger number of poles is needed
for an accurate description. For a neutrally buoyant no-slip sphere we have τv/τMn = 3 and
find
y±
√
τv/τMn = −
3
2
± 1
2
i
√
3 = −1.5± 0.866i. (4.17)
The no-slip relaxation function starts at γTns(0+) = 2/3, whereas γT (0+) = 1. In Fig.
1 we show log10 γT (t) as a function of log10(t/τv) for the three different values of κa, and
compare with the no-slip function γTns(t). In this plot the no-slip function can hardly be
distinguished from the one for κa = 5. However, for short and intermediate times the two
functions are actually quite different, as shown in Fig. 2. At t = 2τv the functions have
decayed to γT (2τv) = 0.023 and γTns(2τv) = 0.017. In the long-time regime the two functions
become identical.
The relaxation function may be expressed as
γT (t) =
∫
∞
0
pT (u)e
−ut/τv du, (4.18)
with a spectral density pT (u) which has been normalized to∫
∞
0
pT (u) du = 1. (4.19)
The spectral density can be found from the exact solution by use of the rule24
pT (u) = −
1
pi
Im FˆT (x = i
√
u). (4.20)
For the no-slip case the expression for the spectral density reads22
pTns(u) =
mp
pim∗
M∗
√
u
M∗2 +M∗(M∗ − 2)u+ u2 , (4.21)
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where we have used M = m∗M∗/mp. In Fig. 3 we show the spectral density pT (u) for
κa = 5 as a function of log10 u, and compare with the spectral density pTns(u) for the
neutrally buoyant no-slip sphere with M∗ = 3. We also compare with the spectral density
corresponding to a six-pole Pade´ expression obtained from a fit to the exact YT (ω) at eight
positive values of αa. With the Pade´ approximant we find for the first sum in Eq. (4.7)
the value 0.003 instead of zero, and for the second sum −24.69 instead of −25. It is seen
that the six-pole expression reproduces the spectral density quite well. There is a sharp
peak for large values of u which is missing from the spectral density pTns(u). The peak
corresponds to two zeroes of the denominator of FˆT (x) at −0.010± 6.549i. The broad peak
at smaller values of u corresponds to zeroes at −0.829± 1.156i. The spectral density pT (u)
is positive, which shows that the relaxation function γT (t) is completely monotone
25. The
relaxation function is closely approximated by the function γTP6(t) obtained from the Pade´
approximant, and given by a sum of six terms of the form Eq. (4.8). In Fig. 4 we show the
ratio of the two functions as a function of log10(t/τv). The exact function γT (t) is obtained
by numerical computation of the Fourier transform of the admittance.
For yet larger values of κa qualitatively the same picture obtains. As κa increases the
sharp peak in the spectral density moves to the right, corresponding to faster relaxation.
For small values of κa the admittance is well approximated by the two-pole Pade´ approx-
imant given by Eq. (4.13). For κa = 0.2 the ratio of the exact relaxation function γT (t) and
the approximate γTP2(t) is between 0.998 and unity over the whole range of time. This also
shows that the spectral density is well approximated by a single sharp peak. The spectral
density in the two-pole approximation, corresponding to Eq. (4.13), is22
pTP2(u) =
1
pi
MZ20
√
u
M2Z20 +MZ0(MZ
3
0 − 2)u+ u2
. (4.22)
In Fig. 5 we compare the exact spectral density with the two-pole approximation for κa =
0.2. The peak is quite sharp, corresponding to the small value of the real part in the first
line of Eq. (4.16). The corresponding pole of the exact admittance is at −0.0002 + 0.2i.
The sharpness of the peak implies that the relaxation function is nearly exponential.
V. ROTATIONAL MOTION
Next we consider rotational motion due to a sudden twist, corresponding to a time-
dependent torque N(t) = Lδ(t), applied to the permeable sphere of moment of inertia Ip,
causing the sphere to rotate and the fluid to move. The torque will be assumed small, so
that we can again use linearized equations of motion. We shall be interested in calculating
the time-dependent rotational velocity Ω(t) of the sphere, as well as the corresponding flow
pattern of the fluid.
We define Fourier components of the rotational velocity by
Ωω =
∫
∞
0
eiωtΩ(t) dt. (5.1)
The pressure remains constant and uniform, so that the equations for the Fourier components
of the flow velocity read
η[∇2vω − α2vω] = 0, ∇ · vω = 0, for r > a. (5.2)
10
Inside the polymer
η[∇2vω − β2vω] + ηκ2Ωω × r = 0, ∇ · vω = 0, for r < a. (5.3)
Since the pressure remains uniform the same equations apply for rotational motion in a
compressible fluid18.
The equations can be reduced to scalar form by the Ansatz
vω(r) = fC(r)ez × rˆ. (5.4)
By use of Eq. (A5) of the Appendix we find that the radial function fC(r) must satisfy the
equation
d2fC
dr2
+
2
r
dfC
dr
− 2
r
fC − β2fC = −κ2Ωωr, for r < a,
d2fC
dr2
+
2
r
dfC
dr
− 2
r
fC − α2fC = 0, for r > a. (5.5)
In spherical coordinates the only non-vanishing component of the flow velocity is
vϕ(r) = fC(r) sin θ. (5.6)
The relevant components of the stress tensor σω = η(∇vω + ∇˜vω) are
σrϕ(r) = σϕr(r) = η
(
f ′C −
fC
r
)
sin θ. (5.7)
The solution of Eq. (5.5) takes the form
fC(r) = AM i1(βr) +
κ2
β2
Ωωr, for r < a,
= BMk1(αr), for r > a. (5.8)
From the conditions that vϕ and σrϕ be continuous at r = a we find for the coefficients
AM = −
κ2
β2
3k1 + αak0
αi1k0 + βi0k1
Ωω, BM = −
κ2
β2
3i1 − βai0
αi1k0 + βi0k1
Ωω. (5.9)
It may be shown that in the limit ω → 0 the solution tends to the known steady-state flow
pattern33.
VI. POLYMER ROTATIONAL VELOCITY
The hydrodynamic torque exerted by the fluid on the polymer is given by the integral
T pω =
∫
r<a
ηκ2r × (vω −Ωω × r) dr. (6.1)
From the linearized equations Eq. (2.1) it follows that this can be expressed alternatively
as
T pω =
∫
S(a+)
r × (σω · rˆ) dS + iωρ
∫
r<a
r × vω dr. (6.2)
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This yields T pω = Tpωez with
Tpω = −
8pi
3
η
[
a2(αak0 + 3k1)BM +
α2a3
β
g2AM +
α2κ2
5β2
a5Ωω
]
. (6.3)
From Eq. (6.1) we have the alternative expression
Tpω =
8pi
3
ηκ2a3
[
g2
β
AM −
α2a2
5β2
Ωω
]
. (6.4)
The rotational friction coefficient ζR(ω) is defined by
Tpω = −ζR(ω)Ωω. (6.5)
As a check we find from the above expressions in the steady-state limit ω → 0
ζR(0) = 8piηa
3Z0(σ), Z0(σ) = 1 +
3
σ2
− 3
σ
coth σ, σ = κa, (6.6)
in agreement with the result of Felderhof and Deutch26.
For small α the friction coefficient behaves as
ζR(ω) = ζR(0) + ζR2α
2a2 − 1
24piη
ζR(0)
2α3 +O(α4), (6.7)
where ζR2 is given by the complicated expression
ζR2 =
2
5
piηa3
1
σ4(sinh σ)2
[
60+ 60σ2− 4σ4− (60− 30σ2− 4σ4) cosh 2σ+5σ(3− 4σ2) sinh 2σ],
(6.8)
with the behavior
ζR2 =
16
945
piηa3σ4 +O(σ5), lim
σ→∞
ζR2 =
16
5
piηa3. (6.9)
At high frequency the friction coefficient tends to a constant given by
ζR∞ =
8pi
15
ηκ2a5. (6.10)
The rotational velocity of the polymer is determined by the equation of motion
− iωIpΩω = T pω +Nω, (6.11)
where Nω is the external mechanical torque applied to the polymer. Hence we find
Ωω = YR(ω)Nω, (6.12)
where YR(ω) is the rotational admittance, given by
YR(ω) = [−iωIp + ζR(ω)]−1. (6.13)
We note that
lim
κ→∞
ζR(ω) = 8piηa
3
[
1 + α2a2
6 + αa
15(1 + αa)
]
. (6.14)
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The last term in brackets differs from that for a sphere with no-slip boundary condition12,
where it is replaced by α2a2/(3 + 3αa). In the latter case the added moment of inertia
vanishes, but the friction coefficient grows linearly for large αa, in contrast with the behavior
shown in Eq. (6.14) for the limit κa → ∞. As in the case of translation, the behavior
suggested by the impermeable limit Eq. (6.14) is misleading. The behavior of the no-slip
sphere arises from just the first term in Eq. (6.2), denoted elsewhere14 ,15 as T ω. In the
present case the incoming angular momentum flow is used partly as a torque acting on the
polymer, partly it is used to accelerate the fluid within the sphere of radius a.
We consider in particular the applied torque
N (t) = L δ(t), (6.15)
where L is the imparted angular momentum. Correspondingly Nω = L. We define the
rotational velocity relaxation function γR(t) by
Ω(t) =
L
Ip
γR(t) t > 0. (6.16)
It has the properties
γR(0+) = 1,
∫
∞
0
γR(t) dt =
Ip
ζR(0)
. (6.17)
The relaxation function is related to the rotational admittance by∫
∞
0
eiωtγR(t) dt = YR(ω). (6.18)
Hence the relaxation function γR(t) can be evaluated by inverse Fourier transform. At low
frequency the admittance has the expansion
YR(ω) = µR(0) + i
(
IpµR(0)
2 + yR2
)
ω +
1
24piη
α3 +O(ω2), (6.19)
where µR(0) = ζ
−1
R0 with ζR0 = ζR(0) is the steady-state mobility, and yR2 = −ζR2/ζ2R0. The
third term gives rise to the long-time behavior
Ω(t) ≈ 1
pi3/2ρ(4νt)5/2
L as t→∞. (6.20)
This depends only on the properties of the fluid.
VII. ANALYSIS OF ROTATIONAL VELOCITY RELAXATION
The analytic behavior of the admittance as a function of frequency can be analyzed in
the same way as for translation. It is convenient to define the dimensionless admittance
FˆR(x) with the complex variable x = αa as
FˆR(x) =
8piIp
15If
ηa3YR(ω), (7.1)
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where If = 8piρa
5/15 is the moment of inertia of displaced fluid, and we have chosen the
prefactor such that FˆR(x) behaves as 1/x
2 for large x. The function takes the form
FˆR(x) =
1
x2 +MZR(x)
, (7.2)
where we have abbreviated
M = 15If/Ip, ζR(ω) = 8piηa
3ZR(x). (7.3)
From Eq. (6.7) we find that for small x the resistance function ZR(x) has the expansion
ZR(x) = Z0 + Z2x
2 − 1
3
Z20x
3 +O(x4), (7.4)
where Z0 = ZR(0) is given by Eq. (6.6) and Z2 = ζR2/(8piηa
3) by Eq. (6.8).
We write the reduced admittance FˆR(x) as a sum of simple poles in the complex x plane,
as in Eq. (4.4). The decay as 1/x2 for large x implies the sum rules Eq. (4.5). From the
value at x = 0 we find the sum rules Eq. (4.6). In addition we find from Eq. (7.4)
∑
j
Aj
x3j
=
1 +MZ2
M2Z20
,
∑
j
Aj
x4j
=
−1
3M
. (7.5)
Finally, Eq. (6.10) implies the sum rules
∑
j
Ajx
2
j = 0,
∑
j
Ajx
3
j = −MZ0∞, Z0∞ =
1
15
κ2a2, (7.6)
where Z0∞ corresponds to ζR∞. The relaxation function γR(t) is given by an expression of
the form Eq. (4.8).
We write the function FˆR(x) in the form
FˆR(x) =
[
MZ0 + x
2 +
3MZ22x
2
3Z2 + Z20x+ x
2ψ(x)
]−1
, (7.7)
with a function ψ(x) which tends to a constant for x→ 0 and for x→∞. If we approximate
ψ(x) as a ratio of two polynomials of degree d − 4, then FˆR(x) is approximated by a Pade´
approximant FˆRPd(x) with d poles in the complex x plane. By construction the expansion
of FˆRPd(x) in powers of x agrees with that of FˆR(x) to terms of order x
3,
FˆRPd(x) =
1
MZ0
− 1 +MZ2
M2Z20
x2 +
1
3M
x3 +O(x4), (7.8)
and the function behaves as 1/x2 as x→∞.
For large values of κa the steady-state friction coefficient tends to the Stokes value 8piηa3
for a no-slip solid sphere. It is therefore of interest to compare the relaxation function for
large κa with that for a no-slip sphere. The latter follows from12
FˆRns(x) =
[
M + x2 +
Mx2
3 + 3x
]−1
, (7.9)
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corresponding to Z0 = 1, Z2 =
1
3
and ψ = 0. This function has three poles in the complex
x plane. For a sphere with mixed slip-stick boundary condition with a slip parameter ξ,
taking the values ξ = 0 for no-slip and ξ = 1
3
for perfect slip, the function becomes27
FˆRss(x) =
[
M(1 − 3ξ) + x2 + (1− 3ξ)
2x2
3 + 3x+ 3ξx2
]−1
, (7.10)
corresponding to Z0 = 1−3ξ, Z2 = 13(1−3ξ)2 and ψ = ξ(1−3ξ)2. In this case the function
has four poles in the complex x plane, except for ξ = 0 and ξ = 1
3
.
The simplest Pade´ approximant is obtained by neglecting the function ψ(x) in Eq. (7.7).
This yields
FˆRP3(x) =
[
MZ0 + x
2 +
3MZ22x
2
3Z2 + Z20x
]−1
, (7.11)
a function with three poles in the complex x plane. We call this the three-pole approximation.
A higher order Pade´ approximant can be found from values of the function FˆR(x) at a small
number of points on the positive x axis.
In our numerical work we consider a neutrally buoyant polymer with If = Ip, so that
M = 15. We consider again three values of the parameter κa, namely κa = 0.2, κa = 1,
and κa = 5. For these three values we find for the poles of FˆRP3(x)
x0 = −1.428, x± = −7× 10−7 ± 0.200i, κa = 0.2,
x0 = −1.450, x± = −0.006± 0.947i, κa = 1,
x0 = −2.436, x± = −0.708± 1.962i, κa = 5, (7.12)
showing considerable variation as a function of κa. The corresponding amplitudes are
A0 = −3× 10−5, A± = −10−5 ∓ 2.505i, κa = 0.2,
A0 = −0.009, A± = 0.004∓ 0.521i, κa = 1,
A0 = −0.158, A± = 0.079∓ 0.185i, κa = 5. (7.13)
For comparison we have for the no-slip sphere
x0 = −2.322, x± = −1.839± 1.754i,
A0 = −0.399, A± = 0.200∓ 0.230i, no − slip. (7.14)
Comparing the function FˆRP3(x) with the exact FˆR(x) for positive values of x we find that
for κa = 0.2 the functions are nearly identical, that for κa = 1 they differ at most by a
few promille, but that for κa = 5 the ratio differs from unity by more than seven percent.
This indicates that for values up to κa = 1 the three-pole approximation is excellent, but
for κa > 1 more poles must be taken into account.
In the next approximation ψ(x) in Eq. (7.7) is set equal to a constant ψ0. This yields a
four-pole approximation FˆRP4(x). The mixed-slip expression Eq. (7.10) is of this form with
ψ0 = ξ(1−3ξ)2, as noted above. In the problem of viscoelasticity of a colloidal suspension28,
where the mathematical structure is the same, we have recommended to determine the
constant ψ0 from the exact value of FˆR(x) at x =
√
τv/τM =
√
MZ0. This corresponds
to ψ0 = 0.0009 for κa = 1, and to ψ0 = 0.0034 for κa = 5. If we compare FˆRP4(x), thus
determined, with the exact FˆR(x), we see that for κa = 1 the agreement is improved by an
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order of magnitude, but for for κa = 5 there is hardly any change. This indicates that the
required number of poles grows with κa.
In Fig. 6 we show log10 γR(t) as a function of log10(t/τv) for the three different values of
κa, and compare with the no-slip function γRns(t). The function γR(t) decays more slowly
than the no-slip function, corresponding to the smaller value of the steady-state friction
coefficient. At κa = 5 the ratio is Z0(5) = 0.520. At t = 2τv the functions have decayed to
γR(2τv) = 0.0021 and γRns(2τv) = 0.0013. In the long-time regime the two functions become
identical.
The spectral density pR(u) is defined in the same way as in the translational case, and can
be calculated as in Eq. (4.20). For small values of κa it is given by a sharp peak. Then the
function FˆR(x) is well approximated by a two-pole expression with two conjugate poles x±
with small negative real part, as exemplified for κa = 0.2 in Eqs. (7.12) and (7.13). In this
case the relaxation function is nearly exponential with relaxation time τM = τv/(MZ0). At
κa = 0.2 this corresponds to
√
τv/τM = 0.200. For larger values of κa the spectral density
broadens, and the decay function is more complicated. In Fig. 7 we show the spectral density
for κa = 1 and compare with the four-pole approximation corresponding to ψ0 = 0.0009.
The peak has broadened, and the four-pole approximation is accurate. In Fig. 8 we show
the spectral density for κa = 5 and compare with the four-pole approximation corresponding
to ψ0 = 0.0034. In this case there is an additional sharp peak in the spectrum, which is not
present in the four-pole approximation. In Fig. 9 we show the ratio of the two relaxation
functions as a function of t/τv. At t = 4τv the exact function has decayed to 324× 10−6 and
the four-pole function to 337× 10−6. At long times the two functions become identical.
The short-time behavior corresponding to the peak in the relaxation spectrum for large
κa is complicated. In Fig. 10 we show the ratio γR(t)/γRns(t) for κa = 10 in a short time-
interval. The ratio is at first larger than unity, then less, before rising to 1.850 at t = 0.5τv,
and finally slowly decaying to unity. We note that Z0(10) = 0.730, so that the overall
timescale, as given by the integral of the relaxation function, for the permeable sphere is
a factor 1.37 larger than that of the no-slip sphere. The short-time behavior of the flow
velocity is similar to that of the no-slip sphere. In both cases the flow velocity immediately
after the twist vanishes, v(r, 0+) = 0. In the case of the permeable sphere the flow then
builds up due to friction caused by relative motion between fluid and rigid polymer. In the
case of the no-slip sphere the flow is caused by stress exerted at the sphere surface. The
explicit expression for the Fourier transform of the flow velocity about the no-slip sphere,
given by Felderhof and Jones14, agrees with that given by Eqs. (5.8) and (5.9) in the limit
of large κa. Hence one sees that for any r > a the flow velocity vanishes initially, and then
builds up before decaying to zero.
VIII. DISCUSSION
We have shown that the translational and rotational velocity relaxation functions of
a permeable sphere have interesting behavior. In particular, the vanishing of the added
mass is remarkable. As a consequence, in the short and intermediate time regime the
translational velocity relaxation function differs strongly from that of a no-slip sphere. The
relaxation spectrum has corresponding remarkable features. Similarly, the rotational velocity
relaxation function of a permeable sphere differs strongly from that of a no-slip sphere. At
long times both the translational and rotational velocity relaxation function show the well-
known universal behavior with an algebraic long-time tail, identical to that of a no-slip
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sphere.
Via the fluctuation-dissipation theorem29 the velocity relaxation functions are directly
related to the velocity autocorrelation functions of Brownian motion23,30. Presently the
translational autocorrelation function can be studied experimentally in detail31. It would be
of interest to apply the same experimental methods to the Brownian motion of a spherically
symmetric polymer. Alternatively the Brownian motion of a permeable sphere could be
studied in computer simulation, and be compared with that of a no-slip solid sphere.
In the above we have considered only the simplest polymer model. Clearly the same
theoretical method can be applied to a spherical shell model32, a coated sphere model33,34, or
some other radially symmetric permeability profile. In cases where the differential equations
cannot be solved analytically, for example for a gaussian profile, the Pade´ approximant
method of Sec. 4 would be a necessary ingredient. For translational motion it would suffice
to solve the differential equations Eq. (2.8) numerically for a small number of positive values
αa, and fit to the outside flow of the form Eq. (2.13). Similarly, for rotational motion it
would suffice to solve the differential equation Eq. (5.5) for a small number of positive values
αa, and fit to the outside flow of the form Eq. (5.8).
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Appendix A
The vector spherical harmonics Alm,Blm and C lm are defined by
12
Alm(θ, ϕ) = lYlmer +
∂Ylm
∂θ
eθ +
1
sin θ
∂Ylm
∂ϕ
eϕ,
Blm(θ, ϕ) = −(l + 1)Ylmer +
∂Ylm
∂θ
eθ +
1
sin θ
∂Ylm
∂ϕ
eϕ,
C lm(θ, ϕ) =
1
sin θ
∂Ylm
∂ϕ
eθ −
∂Ylm
∂θ
eϕ, (A1)
where Ylm(θ, ϕ) are spherical harmonics in the notation of Edmonds
35 and er, eθ, eϕ are unit
vectors in spherical coordinates. Apart from normalization the vector spherical harmonics
are identical to the Y JlM defined by Edmonds. In this Appendix we list some identities
which are useful in the analysis of Eqs. (2.3) and (2.5). We note that ez is proportional to
A10, and (1− 3rˆrˆ) · ez is proportional to B10.
The gradient formula reads
∇(f(r)Ylm) =
1
2l + 1
[[
f ′(r) + (l + 1)
f(r)
r
]
Alm +
[− f ′(r) + l f(r)
r
]
Blm
]
. (A2)
The curl operation yields
∇× (f(r)Alm) =
[− f ′(r) + (l − 1)f(r)
r
]
C lm,
∇× (f(r)Blm) =
[− f ′(r)− (l + 2)f(r)
r
]
C lm,
∇× (f(r)Clm) =
l + 1
2l + 1
[
f ′(r) + (l + 1)
f(r)
r
]
Alm +
l
2l + 1
[
f ′(r)− l f(r)
r
]
Blm. (A3)
The divergence operation yields
∇ · (f(r)Alm) = l
[
f ′(r)− (l − 1)f(r)
r
]
Ylm,
∇ · (f(r)Blm) = −(l + 1)
[
f ′(r) + (l + 2)
f(r)
r
]
Ylm,
∇ · (f(r)C lm) = 0. (A4)
The Laplace operator yields
∇2(f(r)Alm) =
[
f ′′(r) +
2
r
f ′(r)− l(l − 1)f(r)
r2
]
Alm,
∇2(f(r)Blm) =
[
f ′′(r) +
2
r
f ′(r)− (l + 1)(l + 2)f(r)
r2
]
Blm,
∇2(f(r)C lm) =
[
f ′′(r) +
2
r
f ′(r)− l(l + 1)f(r)
r2
]
C lm. (A5)
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Figure captions
Fig. 1
Plot of the logarithm of the relaxation function log10 γT (t) as a function of log10(t/τv) for
a neutrally buoyant sphere with κa = 0.2 (short dashes), κa = 1 (long dashes), and κa = 5
(solid curve). We compare with log10 γTns(t) for a neutrally buoyant no-slip sphere of the
same radius (dash-dotted curve).
Fig. 2
Plot of the ratio of the relaxation function γT (t) for κa = 5 to the no-slip function γTns(t)
as a function of t/τv.
Fig. 3
Plot of the spectral density pT (u) as a function of log10 u for κa = 5 (solid curve), com-
pared with the spectral density pTns(u) for the no-slip sphere, as given by Eq. (4.21) (dashed
curve). We also plot the spectral pTP6(u) obtained from a 6-pole Pade´ approximation. The
latter curve can be distinguished from the solid one only at the sharp peak.
Fig. 4
Plot of the ratio of relaxation functions γT (t) and γTP6(t) as a function of log10(t/τv) for
a permeable sphere with κa = 5. This shows that the six-pole Pade´ approximant is quite
accurate.
Fig. 5
Plot of the spectral density pT (u) for κa = 0.2 as a function of log10 u (solid curve),
compared with the approximate function pTP2(u) found in two-pole approximation, as given
by Eq. (4.22) (dashed curve).
Fig. 6
Plot of the logarithm of the relaxation function log10 γR(t) as a function of log10(t/τv) for
a neutrally buoyant sphere with κa = 0.2 (short dashes), κa = 1 (long dashes), and κa = 5
(solid curve). We compare with log10 γRns(t) for a neutrally buoyant no-slip sphere of the
same radius (dash-dotted curve).
Fig. 7
Plot of the spectral density pR(u) for κa = 1 as a function of log10 u (solid curve),
compared with the approximate function pTP4(u) found in four-pole approximation with
20
ψ0 = 0.0009 (dashed curve). The two curves cannot be distinguished on the scale of the
figure.
Fig. 8
Plot of the spectral density pR(u) for κa = 5 as a function of log10 u (solid curve),
compared with the approximate function pTP4(u) found in four-pole approximation with
ψ0 = 0.0034 (dashed curve).
Fig. 9
Plot of the ratio of relaxation functions γR(t) and γRP4(t) as a function of t/τv for a
permeable sphere with κa = 5.
Fig. 10
Plot of the ratio of relaxation functions γR(t) and γRns(t) as a function of t/τv for a
permeable sphere with κa = 10.
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